Abstract. In this paper, we characterize the Grassmannian Gr(d, n) in terms of the row echelon forms of rank d. Using this characterization, then in the case of finite field we give a polynomial-type formula for the cardinality of the Grassmannian.
Introduction
If A is an m × n matrix over a field F then we denote by rs(A) the subspace of F n generated by the row vectors of A and it is called the row space of A. We denote the set of n × n row echelon forms over F by E F (n). Also, E F (d, n) denotes the set of n × n row echelon forms over F of rank d. For the definition of row echelon form (row-reduced echelon matrix) please consider [3, Chap. 1, p. 11].
The set of d dimensional subspaces of an n dimensional vector space over a field F is denoted by Gr F (d, n) or shortly by Gr(d, n) if there is no confusion on the base field and it is called the Grassmannian. Grassmannians have rich mathematical structures with wide applications and have been studied in the literature over the years from algebraic, topological and geometric points of view, see e.g. [1] , [2] , [4] and [5] .
If F is a finite field of size q then the well known Gaussiann formula computes the cardinality of the Grassmannian Gr(d, n) as a rational formula:
.
In this paper we give a new formula for the size of the Grassmannian. In fact, Theorem 2.1 and Theorem 2.3 are the main contributions of this paper. Theorem 2.1 establishes a one to one correspondence between the Grassmannian Gr F (d, n) and E F (d, n). Specially, if the base field is finite then we obtain a polynomial-type formula for the cardinality of the Grassmannian Gr(d, n), see Theorem 2.3.
Main Results
Proof. Without loss of generality, we may work with the vector space F n . First we show that the above map is surjective.
be an ordered basis of W where α i ∈ F n . Let A be the n×n matrix over F whose first d rows are the vectors of B and the remaining n − d rows of A are zero. It is clear that rs(A) = W . It is well known that there exists an n×n row echelon form R over F which is row-equivalent to A. By [3, Chap. 2, Theorem 9], row-equivalent matrices have the same row spaces. Thus rs(R) = rs(A) = W . Hence, the above map is surjective. Suppose rs(R) = rs(R ′ ) for some R, R ′ ∈ E F (n). We shall prove that
be the non-zero row vectors of R (resp. R ′ ). Assume that the leading non-zero entry of ρ i (resp. ρ
The expression (1), yields that if β = 0 then the index of the first non-zero component of β belongs to the set {k 1 , ..., k d }. Because at least one of the b k 1 , ..., b k d is non-zero. Suppose b kt is the first non-zero between them, i.e. k t is the least index between the indices {k 1 , ..., k d } for which b kt = 0. Therefore we can write:
We prove that b j = 0 for all j with j < k t . From (2), we have 
Corollary 2.2. There exists a one-to-one correspondence between the Grassmannian Gr
If R ∈ R s then for each 1 ≤ i ≤ d, at each i−th row of R, d entries are 0 or 1 (the entry 1 occurs in the column s i and zero entries in the columns s j , j = i). Also, on every i−th row of R, by the definition of row echelon form, we have R j,s i = 0 for each j < s i , the number of these entries is s i −1, since we have counted i−1 of them already in the above, therefore on every i−th row of R, the total number of entries which are 0 or 1 is d + (
Thus on every i−th row of R, n − d − (s i − i) entries are arbitrary scalers in F , and so in
(s i ) entries are arbitrary scalers. Therefore we get that |R s | = q
Remark 2.5. In order to express the coefficients of the polynomialtype formula which appear in Theorem 2.3 more precisely we act as follows. We consider the equivalence relation ∼ on 
But there exists some 1 ≤ j ≤ d, so that s j < n − d + j. Take j 0 := max{j : 1 ≤ j ≤ d, s j < n − d + j}. Now, set s 
